JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 32, No. 4, November 2019
http://dx.doi.org/10.14403/jcms.2019.32.4.525

EXTENSION OF A FLOW ON A COMPLETELY
REGULAR SPACE

JoNGSUH PARK*

ABSTRACT. Let X be a completely regular space and let 8(X) be
the Stone-Cech compactification of X. A flow ¢ on X can be ex-
tended to a flow ® on 5(X).

1. Introduction

Let X be a locally compact Hausdorff space and let X™* be the one-
point compactification of X. By defining ¢*(*,t) = *x for all t € R a
flow ¢ on X is extended to a flow ¢* on X*. Let X be a completely
regular space and let 5(X) be the Stone-Cech compactification of X. It
is natural to ask that can a flow ¢ on X be extended to a flow ® on
B(X)? This paper is a partial answer to this question.

2. Main results

DEFINITION 2.1. Let X be a topological space. A flow ¢ on X is a
continuous function ¢ : X x R — X such that

1. ¢(z,0) =z for all z € X and
2. p(p(x,s),t) = ¢(x,s +t) for all z € X and all s,t € R.

For each t € R, we define a function ¢' : X — X by ¢'(x) = ¢(x,1)
for all x € X. Then ¢’ is a homeomorphism.

Let X be a locally compact Hausdorff space and let ¢ be a flow
on X. We define the one-point compactification of ¢ to be the map
¢* : X* xR — X* defined by ¢*(z,t) = ¢(x,t) if x # x and ¢*(x,t) = *
for all t € R.
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THEOREM 2.2. [1] The one-point compactification ¢* of a flow ¢ on
X is a flow on X*.

THEOREM 2.3. [2] Let X be a completely regular space. There exists
a unique compact Hausdorff space 3(X) such that

1. X is a dense subset of B(X) and

2. Given any continuous function f : X — Y of X into a compact
Hausdorff space Y, the function f extends uniquely to a continuous
function F : f(X) = Y.

Here, 3(X) is called the Stone-Cech compactification of X .

LEMMA 2.4. Let X be a completely regular space. A continuous map
f: X — X C B(X) extends uniquely to a continuous map F : §(X) —
B(X). Let U and V be open subsets of §(X). If f( X NU) C V, then
FU)CV.

Proof. Let x € U C B(X) = X. There exists a net (z,) in X such
that ) — x. Since F' is continuous, F(xy) — F(z). Since ) — z and
U is a neighborhood of x, we may assume that x) € U for all A\. Since
F(zy) = f(z)) € f(XNU) C V for all \, we have F(z) € V. Thus
FU)CV. O

THEOREM 2.5. Let X be a completely regular space. Suppose that
B(X) has a locally finite basis. A flow ¢ on X extends uniquely to a
flow ® on B(X).

Proof. For each t € R, since ¢' : X — X C B(X) is a continuous
map, there exists a unique continuous map ®' : 3(X) — B(X) such that
Pl(z) = ¢'(x) for all x € X.

Define @ : 3(X) xR — B(X) by ®(z,t) = ®'(x) for all (x,t) € 3(X)xR.
Since

Idgx)(z) =2 = ¢°(z) forallz € X,
by the uniqueness of extension, we have ®% = Idg(x). Let s,z € R. Since
°('(2)) = °(¢'(2)) = ¢°(¢'(2)) = ¢°"'(2) forallz € X,

by the uniqueness of extension, we have ®° o & = &', Thus ® is a
flow. We will show that ® is continuous. Let (z,t) € 5(X) x R. Given
any neighborhood Uy of ®(x,t) = ®'(z), there exists a neighborhood
U of ®'(x) such that U C Up. Since @' is continuous, there exists a
neighborhood Vj of x such that ®¢(V,) C U. Since (X) is a compact
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Hausdorff space, there exists a neighborhood V' of = such that V C V4.
For each y € X NV, we have

o(y,t) = ¢'(y) = ®'(y) € (V) C @' (Vo) C U.

Since ¢(y,t) € X NU and ¢ is continuous at (y,t), there exists a neigh-
borhood W), of y and a neighborhood I, of ¢ such that

d(z,s) e XNUforallze X NWyandall s € I,,.
For each y € X NV, we can choose a basic open set B, such that
y € B, C B, CW,.
Let B = Uyg(mv gy. Then X NV Cf. lNe claim that VE B.
Assume that V' ¢ B. There exists p € V — B. Since 3(X) — B is a
neighborhood of p, VN (3(X) — B) # (. Let ¢ € VN (B(X) — B). Since
q € B(X) = X and V N (B(X) — B) is a neighborhood of ¢, we have

XNVN(BX)—DB) #0. Since XNV C B, we have a contradiction.
Thus V C B. Since {By | y € V N X} is locally finite, we have

B= J By,= |J Byc U W,
yeXnNV yeXnV yeXnNV

Thus V € B C Uye xnv Wy. Since V is compact, there exists finitely

many yi,...,Yn € X NV such that V. C (Jp_; W,,. Let (z,s) € V x
Mi—y Iy,- Then z € Wy, for some k. Since s € I, we have ¢*(X N
Wy,) C XNU C U. By the Lemma 2.4, we have

®°(Wy,) C U C Up and so ®(z, s) = ®°(z) € &*(W,,) C Up.

Thus ® is continuous at (x,t). O
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